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FORWARD DIFFUSION PROCESS

Data-to-noise process

Diffusion models define a fixed forward process that gradually destroys structure in the data (Ho et al.,
2020; Sohl-Dickstein et al., 2015). In the continuous-time view, this process is described by a stochastic
differential equation (Song et al., 2021). Contrary to flow matching notation, here the forward direction is
usually

X0 ∼ pdata, X1 ≈ N (0, I).

Continuous-time formulation

▶ A common choice is the variance-preserving SDE: dXt = −1
2β(t)Xt dt +

√
β(t) dWt .

▶ Its marginal corruption has the closed form

Xt = α(t)X0 + σ(t)ε, ε ∼ N (0, I), with α(t) = exp

(
−1

2

∫ t

0
β(s) ds

)
, σ2(t) = 1 − α2(t).

▶ Note that a common non-variance-preserving choice is the variance-exploding SDE, where the
signal is not contracted: α(t) = 1.
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REVERSE-TIME GENERATIVE DYNAMICS

Forward marginals

The forward corruption is chosen by design: qt(xt | x0) = N
(
xt ;α(t)x0, σ

2(t)I
)

. It induces a noisy
marginal distribution pt(xt) =

∫
qt(xt | x0) pdata(x0) dx0 .

Why the reverse process must be learned

Generation reverses the noising path:

X1 ∼ N (0, I), X1 −→ X0 ∼ pdata.

But the true reverse transition p(xt−∆t | xt) depends on the unknown marginal pt , hence it is not available
explicitly.

Reverse-time dynamics

For a forward SDE
dXt = f (t ,Xt) dt + g(t) dWt ,

the reverse dynamics use the score st(x) = ∇x log pt(x) :

dXt =
[
f (t ,Xt)− g2(t)st(Xt)

]
dt + g(t)dW t , t : 1 → 0.
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SCORE MATCHING FORMULATION

What the score means

The score st(x) = ∇x log pt(x) points toward directions where the noisy density pt increases. In the
reverse process, it tells the sampler how to move a noisy point toward more likely, more data-like regions.

Denoising score matching

▶ Since the marginal score st(x) is unknown, use the conditional corruption

Xt = α(t)X0 + σ(t)ε.

▶ The conditional score is known:

∇xt log qt(xt | x0) = −xt − α(t)x0

σ2(t)
= − ε

σ(t)
.

▶ Train a neural score network by regression:

LDSM(θ) = Et,X0,ε

[
λ(t)

∥∥∥∥sθ(t ,Xt) +
ε

σ(t)

∥∥∥∥2
]
.
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SAMPLING ALGORITHMS

Algorithmic view

Training learns a family of denoisers or scores indexed by time. Sampling uses them sequentially, starting
from Gaussian noise and progressively removing noise until a data-like sample is obtained.

Algorithm 1 Ancestral DDPM sampling

Require: trained noise predictor εθ
1: sample XT ∼ N (0, I)
2: for t = T ,T − 1, . . . , 1
3: compute

µθ(Xt , t) =
1√
αt

(
Xt −

βt√
1 − αt

εθ(t,Xt)

)
4: sample z ∼ N (0, I), except z = 0 at the last step
5: set Xt−1 = µθ(Xt , t) + σ̃t z
6: return X0
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